We record an observation about the Witten indices in two families of gauged linear sigma models: the U(2) model for linear sections of Grassmannians, and the U(1) model for quadric complete intersections. We describe how the Witten indices are related to the Euler characteristics of the singular skew-symmetric or symmetric determinantal varieties featuring in the analysis of their opposite phases, and we discuss the extent to which these relationships can be reconciled with standard Born-Oppenheimer arguments.
Introduction
In this short note, we comment on the Witten indices in two families of gauged linear sigma models with quadratic potentials: the U (2) model for complete intersections of sections of the determinant line bundle on Grassmannians, introduced in [1] , and the U (1) model for complete intersections of quadrics in projective space, studied in depth in [2] .
These two families of GLSMs are known to realise dualities between certain pairs of non-birationally-equivalent varieties. The U (2) model, for example, provides a physical interpretation of a duality between a pair of Calabi-Yau three-folds: a complete intersection in Gr (2, 7) , and a Pfaffian variety in P 6 ; the two Calabi-Yau three-folds are believed to share the same mirror dual [3] . The U (1) model realises, among other examples, a duality between a pair of K3 surfaces: a complete intersection of three quadrics in P 5 , and a double cover over P 2 branched over the degeneracy locus of a 6 × 6 symmetric form. These dualities can be interpreted as equivalences of derived categories [4, 5, 6] , and the derived equivalences are examples of "Homological Projective Duality" [7, 8] .
In both the examples mentioned, a determinantal variety is involved somewhere in the construction: for the U (2) model, this is the Pfaffian locus itself, whereas for the U (1) model, it is the branching locus for the double cover. Crucially, these determinantal varieties are smooth. When one tries to generalise the analysis of these models to higherdimensional varieties, these determinantal loci become singular, and the dynamics becomes more complicated. It is no longer possible to give a geometrical interpretation of the GLSMs in simple terms; such GLSMs are instead thought to describe "non-commutative resolutions" [2, 9, 10] .
Another kind of difficulty emerges when one attempts to apply the physical analysis of [1] for the U (2) model to Calabi-Yau varieties of even, rather than odd, dimension. The analysis of [1] relies on a Born-Oppenheimer approximation, which is valid in odd dimensions but breaks down in even dimensions.
The purpose of this note is to record a simple observation about the Witten indices in these kinds of GLSMs, for varieties of arbitrary dimension. Even though the relevant determinantal loci may be singular, and even though Born-Oppenheimer arguments may not be reliable, we nonetheless find that the Witten indices of these theories are related to the Euler characteristics of these determinantal loci and their loci of singular points in a regular and prescribed fashion, and in a way that bears great resemblance to BornOppenheimer arguments. For Calabi-Yau models in the U (2) family, these patterns follow from results in [11] , and for all other cases, the arguments in [11] generalise in a simple way.
In Sections 2 and 3, we describe these properties of the Witten indices in each of our two families of GLSMs, commenting on their relationship to Born-Oppenheimer arguments. In Appendix A, we briefly sketch derivations of the results along the lines of [11] . In Appendix B, we outline a small calculation used to interpret the results in Sections 2 and 3: the counting of quantum Coulomb branch vacua in U (2) theories. Some mathematical details and computations in specific models are collected in Appendix C.
The U (2) model: Pfaffians and Grassmannians
The first of the models that we shall discuss is the two-dimensional N = (2, 2) supersymmetric U (2) gauge theory with n chiral multiplets φ α 1 , ..., φ α n in the fundamental representation and k chiral multiplets p 1 , ..., p k in the det −1 representation of U (2). The theory has a superpotential of the form,
where each of A ij 1 , . . . , A ij k is a skew-symmetric form in ∧ 2 C n . The theory has a FayetIliopoulos parameter r for the diagonal U (1) ⊂ U (2).
For generic choices of A ij a , the r > 0 phase of the GLSM is a smooth complete intersection of k sections of the determinant line bundle ∧ 2 (S ∨ ) in Gr(2, n). (See Appendix C for our conventions on bundles.) More explicitly, the φ α i scalars acquire a vacuum expectation value proportional to √ r, and parametrise the Grassmannian Gr(2, n). The superpotential sets p a = 0 and cuts out the complete intersection,
The Witten index of the r > 0 phase is its Euler characteristic, χ(X).
The r < 0 phase is more complicated. The p a fields acquire a VEV proportional to |r|, and become homogeneous coordinates for a P k−1 . Identifying [p a ] ∈ P k−1 with the form A ij (p) := p a A ij a , the P k−1 can be viewed as the linear system spanned by our k chosen sections of ∧ 2 (S ∨ ) on Gr(2, n). For a fixed p a , the form A ij (p) acts as a complex mass matrix for the φ scalars. We split the analysis of this phase into two cases: n odd and n even.
Case: n odd
When n is odd, A ij (p) is of rank n − 1 for generic [p a ] ∈ P k−1 . Within this P k−1 is a nested sequence of closed subvarieties,
where each Y d is the locus on which rk Suppose that one is to analyse the quantum dynamics of the r < 0 phase using a BornOppenheimer approximation. This is a two-stage process. First, one analyses the dynamics of the φ multiplets, treating the p multiplets as fixed background fields. (One does this for all possible background values for p.) In this first stage, one is mainly concerned with the low-energy dynamics of φ, and in particular, one wishes to count the number of supersymmetric vacua for φ and how this varies for different choices of p. In the second stage, one integrates out the φ multiplets, leaving an effective theory for the p multiplets; the vacuum structure for the φ multiplets at different values of p determines the local character of this new effective theory for p.
Let us apply Born-Oppenheimer to the r < 0 phase of our GLSM. For a fixed background value of p, the local theory for the φ multiplets is an SU (2) gauge theory with superpotential
(The gauge group is SU (2) rather than U (2) because the p multiplets tranform in the det −1 representation of U (2), and fixing a background value for p breaks the
.) The dynamics of this local theory depends crucially on how many of the φ multiplets are massive or massless for the given choice of p. To be precise, when For (n, k) = (5, 5), (7, 7) and (9, 9) , this information leads to a clear proposal for the geometry of the r < 0 phase [1] . What is special about these particular low-dimensional examples is that Y 5 , Y 7 , Y 9 , . . . all vanish, so the nested sequence of Pfaffians is simply
, the local theory for the φ fields has Witten index zero, whereas for [p a ] ∈ Y 3 , the local theory has Witten index one. Hence the Born-Oppenheimer approximation suggests that, at low energies, the theory localises to Y 3 , that is, the theory is a sigma model with target space Y 3 . Indeed, for (n, k) = (5, 5), (7, 7) and (9, 9) , the Y 3 loci are Calabi-Yau varieties of the same dimension as X (the target space for the r > 0 phase), and furthermore, χ(X) = χ(Y 3 ).
Our main objective is to comment on the extent to which one may generalise this physical analysis for arbitrary n and k, where Y 3 is no longer smooth, and where the sub-loci Y 5 , Y 7 , Y 9 , . . . are no longer empty. As explained above, the Witten index of the local theory is zero for
, and so on. Applying Born-Oppenheimer naively, one would be tempted to speculate that the r < 0 phase is a sigma model whose target space is a smooth resolution of Y 3 of a certain form: this resolution would be a single cover over Y 3 \Y 5 , but over Y 5 \Y 7 it would be a fibre bundle whose fibres have Euler characteristic two, and over Y 7 \Y 9 the Euler characteristic of the fibres would jump to three, and so on.
Furthermore, if n = k, the target space X for the r > 0 phase is not Calabi-Yau. If n > k, for instance, the Fayet-Iliopoulos parameter r flows under the renormalisation group from the r > 0 phase in the UV to the r < 0 phase plus Returning to our discussion of Born-Oppenheimer, if the above interpretation of the r < 0 phase were correct, it would lead to a precise prediction about the relationship between the Euler characteristic of the complete intersection target space for the r > 0 phase, χ(X), and the Euler characteristics of the smooth quasi-projective subvarieties 1 Y d \Y d+2 , valid for odd n:
1 Complex algebraic varieties obey an inclusion-exclusion principle: for a complex quasi-projective variety X and a closed subvariety in Y ⊂ X, we have χ(X) = χ(X\Y ) + χ(Y ). Also, if F → X → B is a fibre bundle, whose fibre F , base B and total space X are all complex algebraic varieties, and which admits a trivialising open cover of Zariski-open sets, then the respective Euler characteristics obey the multiplicative property χ(X) = χ(F )χ(B) (see for instance [12] ).
This result does indeed hold for all odd n and all k. For the Calabi-Yau cases, with n = k, it follows directly from arguments in [11] . As we will explain in Appendix A, these arguments can be generalised to non-Calabi-Yau cases too. (In Appendix C, we describe an efficient strategy for computing these Euler characteristics in specific cases and list some examples for small n.)
What is remarkable is that, although the prediction in equation (2.1) is valid, the physical interpretation above cannot be entirely accurate. The Born-Oppenheimer approximation is valid, but the geometric description of the effective theory for the p multiplets, as stated above, cannot be correct, because no global smooth resolution of Y 3 of the kind described exists in general; the derived category of the r < 0 phase, that is, its category of B-branes, is instead believed to be a non-commutative resolution of Y 3 [2, 8] .
And yet, the relationship between the Witten index and the Euler characteristics of the loci Y d \Y d+2 in equation (2.1), as predicted by Born-Oppenheimer, still holds. This is interesting from the perspective of the gauge dynamics: even in the absence of a genuine geometrical target space description for r < 0, our physical Born-Oppenheimer intuition still appears to capture an essential aspect of the low-energy dynamics of the theory.
Case: n even
Using the same notation as before, we obtain a nested sequence of Pfaffian subvarieties,
If one is to conjecture a formula analogous to (2.1) for even n, one might initially consider a sum of terms of the form
is the expression for the Witten index of SU (2) with d flavours as computed in [1] . However, this expression for the Witten index is obtained by a certain limiting procedure, which is problematic when n is even. In [1] , the theory is deformed by giving twisted masses to the φ fields. (This shifts the supersymmetric vacua to the quantum Coulomb branch, where they can be counted more easily.) Having counted the vacua, the twisted masses are then sent to zero. But there is a subtlety with taking this limit when n is even: as the twisted masses tend to zero, the quantum Coulomb branch develops a flat potential, giving rise to a further continuous family of vacua, parametrised by the scalar in the SU (2) vector multiplet [1] . The presence of the flat direction invalidates the Born-Oppenheimer approximation.
It is possible to define the Witten index of SU (2) with d massless flavours by choosing a different limiting procedure -a procedure that incorporates, and regularises, the contribution from the non-compact SU (2) Coulomb branch. In [13] , the elliptic genus of SU (2) with d massless flavours is computed using localisation. This quantity is defined as
for the infra-red fixed point of the theory. Here L 0 andL 0 are the Virasoro generators, J 0 is the left-moving U (1) R-symmetry and K 1 , ..., K d are Cartan charges for the SU (d) flavour symmetry. Thus this elliptic genus is a character evaluated by deforming the theory by introducing holonomies for the left-moving R-symmetry and the flavour symmetry. In the limit y → 1, q → 0, x i → 1, the elliptic genus reduces to the Witten index. Let us examine this limit. First, sending q → 0, x i → 1, one finds [13] (see also [14] for a discussion of the pure SU (2) case) that
The 1+y has the appearance of a geometric series summing over contributions from bosonic zero modes over the non-compact Coulomb branch. In the limit y → 1, we approach the boundary of the region where this geometric series converges, yet its summed form remains well-defined in the y → 1 limit and gives a half-integer result,
Although the Born-Oppenheimer approximation is not valid, one may nevertheless conjecture that these regularised Witten indices appear as coefficients in a relationship between the Euler characteristics of the complete intersection and of the determinantal strata, analogous to (2.1).
Indeed, for n even, the correct relationship between the Euler characteristics is
The coefficients in (2.2) agree with the regularised expression for the local Witten index computed from the elliptic genus. The constant term 2 is half-integer when n is even.
Finally, let us comment on the (n, k) = (6, 6) case. Here, X is a K3 surface of degree 14 in Gr(2, 6) and Y 2 is a Pfaffian cubic fourfold; the dualities between these two varieties are explored in [15, 16, 17, 18] among many other references. Since χ(Y 0 ) = χ(P 5 ) = 6, the relationship (2.2) reduces to χ(X) = −3 + χ(Y 2 ). This can also be understood physically from the point of view of the abelian gauged linear model for the cubic fourfold, which flows to three Coulomb vacua plus a K3 conformal field theory in the infra-red (see for instance [19] ).
The U (1) model: Quadric complete intersections
Let us now turn to our other model: N = (2, 2) supersymmetric U (1) gauge theory with n chiral multiplets φ 1 , . . . φ n of charge +1, k chiral multiplets p 1 , . . . , p k of charge −2, and a superpotential,
The r > 0 phase is a non-linear sigma model on the complete intersection of k quadrics in P n−1 ,
In the r < 0 phase, the p fields again parametrise a P k−1 , and we have a filtration of closed determinantal subvarieties of the form, Once again, we discuss how one might attempt to apply Born-Oppenheimer to the r < 0 phase of the theory. For a fixed background value for p, the local theory for the φ fields is a Z 2 orbifold with superpotential W = A(p) ij φ i φ j . The Z 2 acts by sending φ i → −φ i ; it is the subgroup of U (1) left unbroken when the p fields acquire a VEV. If [p a ] ∈ Y 0 \Y 1 , then all n of the φ multiplets are massless and can be integrated out. There are two gapped vacua: one in the untwisted sector and one in the twisted sector (though, as we will mention later on, the untwisted sector vacuum survives the Z 2 orbifold only if n is even). However, if [p a ] ∈ Y 1 , then at least one linear combination of φ fields is massless and the Witten index is not well-defined.
This Born-Oppenheimer approximation is known to determine the r < 0 geometry in a number of examples [2] (see also [20, 21] ). For illustration, we review the (n, k) = (6, 3) case. Here, the r > 0 phase is the K3 surface defined as a complete intersection of three quadrics in P 5 . As for the more difficult r < 0 phase, only Y 0 and Y 1 are non-empty, so the filtration is P 2 = Y 0 ⊃ Y 1 ⊃ ∅. Y 1 is a sextic curve in P 2 . Since the local theory for φ has a pair of gapped vacua whenever [p a ] ∈ Y 0 \Y 1 , one expects that the appropriate geometry is a double covering over Y 0 \Y 1 . By examining the Berry phases of the pairs of gapped vacua around Y 1 , the authors of [2] show that Y 1 is a branching locus. Thus the r < 0 phase is a double cover of Y 0 branched over Y 1 , and from this description it is clear that the Euler characteristics must obey the relation χ(X) = 2χ(Y 0 \Y 1 ) + χ(Y 1 ).
Our main observation for this U (1) model is a more general relationship between the Witten index and the Euler characteristics of the determinantal loci:
This follows from a similar argument as for the previous model, and we will sketch this in Appendix A.
The n − 2k term is simply the signed count of Coulomb branch vacua. The coefficients consisting of alternating ones and twos is more intriguing. As explained above, the local theory for the φ multiplets for a background value of 
This formula is explained in [22] . The difference between the odd and even cases can be traced to an ambiguity in defining how the Z 2 symmetry acts on the untwisted sector vacuum. The upshot is that the twisted sector vacuum always survives the Z 2 quotient but the untwisted sector vacuum only survives the Z 2 quotient if the number of flavours with complex mass is even.
The noncommutative resolution of P k−1 that describes the r < 0 phase of this abelian GLSM is the derived category of coherent (B 0 | P k−1 )-modules on P k−1 , where B 0 is the sheaf of even parts of Clifford algebras on P(Sym 2 C n ) [5] . The pattern of alternating ones and twos in (3.1) could be related to the fact that the standard representation of the even parts of the Clifford algebra Cl(C n−d ) decomposes into subrepresentations of odd and even degree when n − d is even, but is irreducible when n − d is odd. It would be interesting to explore this idea further.
In light of these numerical observations, it would be interesting to explore the possibility of extending the criteria of validity for the Born-Oppenheimer approximation in supersymmetric gauge theories, or in quantum field theories in general. We have seen two examples where the Born-Oppenheimer approximation appears invalid due to the presence of massless modes in the local theories, and yet, regularised versions of the Witten indices for these local theories nonetheless appear to capture the low-energy dynamics of the full theory, at least at the level of numerical relationships between Euler characteristics as expressed by formulas (2.2) and (3.1). This leads us to speculate that such behaviour is a more general feature of quantum field theories.
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A. Appendix: Derivations
The U (2) model
We now briefly sketch a derivation of (2.1) and (2.2), following the reasoning in [11] . Let us consider the incidence correspondence,
Let π 1 : Z → Gr(2, n) and π 2 : Z → P k−1 be the natural projections. We evaluate χ(Z) in two ways, by considering Z both as a fibration over substrata of Gr(2, n) and as a fibration over substrata of P k−1 . In [11] , the calculation is carried out for the Calabi-Yau case, n = k, but we will see that the arguments generalise for arbitrary n and k.
First, consider the π
, then this fibre is the whole of the P k−1 , whereas if [φ α i ] / ∈ X, then this fibre is a hyperplane P k−2 ⊂ P k−1 . This gives the expression,
. This is the vanishing locus in Gr(2, n) of a section of ∧ 2 (S ∨ ) of rank n − d. In [11] , the Euler characteristic of this hypersurface is shown to be
where the sum is over d ≡ n mod 2 only. Combining the two expressions for χ(Z), and using the fact that χ(Gr(2, n)) = 1 2 n(n−1) (see Appendix C), we obtain our desired result,
For the U (1) model, the appropriate incidence correspondence to consider is
By considering fibres above P n−1 , we find, as in the previous case, that
Meanwhile, the fibre above a point [p a ] ∈ Y d \Y d+1 is a quadric in P n−1 of rank n − d, which has Euler characteristic 1 2 (3 + (−1) n−d ) + (n − 2) (see [23] ), giving
Combining the two expressions then gives our final result, equation (3.1),
B. Appendix: The Coulomb branch of U (2) gauge theory
Here, we compute the number of Coulomb branch vacua in the U (2) gauge theory. The techniques are standard and straightfoward (see for instance [1, 24] ), but we have not been able to find this result in the literature.
We first integrate out the chiral multiplets and the W-bosons, leaving an effective action for the vector multiplet σ. Up to gauge equivalence, σ takes the diagonal form σ = diag(σ 1 , σ 2 ). Integrating out n fundamental chirals and k det −1 chirals induces an effective twisted superpotential for σ of the form [1, 25, 26] ,
The RG flow of the complexified Fayet-Iliopoulos parameter t(µ) is given by [26] ,
where µ is the RG scale and Λ is the cutoff scale.
Setting ∂W /∂σ 1 = ∂W /∂σ 2 = 0, we find that the Coulomb branch vacua are located at the solutions to the equations,
These equations have solutions whenever σ 2 = exp(2πqi/n)σ 1 for q ∈ Z n , and for each choice of q, the resulting equation for σ 1 is
which in turn has |n − k| distinct solutions.
However, when counting the solutions, one should bear in mind that the effective twisted superpotential for σ is only valid when the W-bosons, the φ fields and the p fields are massive, that is, when
Hence the q = 0 solutions are invalid, and so are the q = n 2 solutions arising when n is even. Furthermore, the permutation σ 1 ↔ σ 2 is a Weyl transformation in the U (2) gauge group, so it is only necessary to count solutions for q in the range 0 < q < n 2 .
The conclusion is that the number of Coulomb branch vacua is
(Note that the case when n is even and k is zero is slightly different: the restriction σ 1 + σ 2 = 0 does not apply, as there are no p multiplets, and we find n(n − 1)/2 quantum Coulomb vacua, agreeing with the Euler characteristic of Gr(2, n).)
C. Appendix: Bundles, cohomology and tables
In this appendix, we define our conventions for bundles on Grassmannians, summarise results about the cohomology of Grassmannians, expand on our characterisation of the singular loci of determinantal varieties, and provide some explicit computations of Euler characteristics relevant to our models.
Bundles on Grassmannians
We first review some general properties of bundles on Grassmannians. The Grassmannian Gr(r, n) has a natural rank r vector bundle S, known as the tautological bundle: this is the sub-bundle of O ⊕n whose fibre above a point [V ] ∈ Gr(r, n) is precisely the r-plane V ⊂ C n that the point represents. The tangent bundle of the Grassmannian is T Gr(r,n) = S ∨ ⊗ Q, where Q = O ⊕n /S is the quotient bundle. In particular, the dimension of Gr(r, n) is r(n − r). (See [27, 28, 29] for realisations of bundles on Grassmannians in GLSMs.)
The cohomology ring of Gr(r, n) is generated by Schubert cycles. These are in one-toone correspondence with Young diagrams with at most r rows and at most n − r columns; a Young diagram with m boxes corresponds to an element of H 2m (Gr(r, n)). It follows that χ(Gr(r, n)) = n!/r!(n − r)!. The cup product in cohomology agrees with the usual Littlewood-Richardson tensor product for Young diagrams. Denoting the Schubert cycle corresponding to the Young diagram with m 1 , . . . , m k boxes in the first k rows by σ (m 1 ,...,m k ) , the Chern classes of the tautological and quotient bundles are
Complete intersections in Grassmannians
The r > 0 phase for the U (2) model has target space X, defined as the complete intersection in Gr(2, n) of a section of the bundle E = ∧ 2 (S ∨ ) ⊕k . Provided that the section is chosen generically, this complete intersection is smooth. This follows by applying Bertini's theorem k times to the line bundle ∧ 2 (S ∨ ). (A version of Bertini's theorem states that the vanishing locus of a generic section of a basepoint-free line bundle on a smooth complex algebraic variety is smooth.)
We can compute the Euler characteristic of this complete interesection in particular cases by applying the Gauss-Bonnet theorem,
Since E| X is the normal bundle of X, the adjunction formula gives
This is sufficient to express c(T X ) in terms of Schubert cells, for specific examples.
Pfaffian varieties
We now turn to the Pfaffian varieties that feature in the analysis of the r < 0 phase. These form a filtration, , that is, when P k−1 is the complete linear system of sections of ∧ 2 (S ∨ Gr(2,n) ), this observation follows by simple linear algebra (see for instance [24] ). The k < The Euler characteristics of the Pfaffian strata Y d \Y d+2 ⊂ P k−1 can also be written in terms of Schubert cells, enabling us to compute them in particular cases. (The strategy we describe also works for symmetric determinantal varieties, with skew-symmetric tensor products replaced everywhere by symmetric ones. A similar strategy is used in [24, 30] for a different class of determinantal varieties appearing in GLSMs; see also [31, 32] for general results about the topology of determinantal varieties.) Since Y d is singular, we cannot apply Gauss-Bonnet directly, so we first compute the Euler characteristic of a resolution ofỸ d , defined as the incidence correspondence,
Y d is smooth, by a simple application of Bertini's theorem. Defining π 1 :Ỹ d → P k−1 and π 2 :Ỹ d → Gr(n − d, n) to be the natural projections, it is clear that
To evaluate the Euler characteristic ofỸ d by Gauss-Bonnet, we must describeỸ d as the vanishing locus of a global section of a suitable vector bundle on P k−1 × Gr(n − d, n). Thinking of A(p) as a global section of O P k−1 (1) ⊗ ∧ 2 C n , the subvarietyỸ d ⊂ P k−1 × Gr(n − d, n) is the locus where the pull-back π 1 (A(p)) vanishes as a section of the bundle,
.
Having expressedỸ d as the vanishing locus of E, the Chern class of E can now be expressed as a polynomials in Schubert cells for Gr(n − d, n) and hyperplane sections of P k−1 , and the Euler characteristic ofỸ d can be evaluated by applying the Gauss-Bonnet theorem as before.
Our real objective is to find the Euler characteristics of the differences, Y d \Y d+1 ⊂ P k−1 . We observed earlier that each π 
(A similar decomposition technique is employed for other non-abelian GLSMs in [33, 34] .)
Once we have obtained χ(Ỹ d ) for all d, this relationship is sufficient for us to obtain χ(Y d \Y d+2 ) for all d. We list some low-dimensional examples in the tables below.
